This implies
R(X, JX, Y, JY ) ≥ 0.
We claim that the inequality is strict. Suppose this is false. Then the fourframe {X, JX, Y, −JY } has zero isotropic curvature. By Proposition 8 in [4] , the set of all four-frames with zero isotropic curvature is invariant under parallel transport. In particular, the set of all four-frames with zero isotropic curvature is invariant under the holonomy group of (M, g).
Given two unit vectors Z, W ∈ T p M satisfying Z, W = Z, JW = 0, we can find a linear transformation L ∈ U (m) such that LX = Z and LW = Y . Hence, the four-frame {LX, LJX, LY, −LJY } = {Z, JZ, W, −JW } has zero isotropic curvature. This implies Taking the arithmetic mean of (1) and (2) yields R(Z, JZ, Z, JZ) + R(W, JW, W, JW ) = 0.
Hence, the scalar curvature of (M, g) vanishes. Since (M, g) has nonnegative isotropic curvature, we conclude that (M, g) is flat (see [10] , Proposition 2.5). This contradicts the fact that Hol 0 (M, g) = U (m).
Corollary 4.
Assume that (M, g) has nonnegative isotropic curvature, and Hol 0 (M, g) = U (m). Then (M, g) has constant holomorphic sectional curvature.
Quaternionic-Kähler manifolds
Let (M, g) be a compact quaternionic-Kähler manifold of real dimension 4m ≥ 8 with positive scalar curvature. After rescaling the metric if necessary, we may assume that Ric g = (m + 2) g. The curvature tensor of (M, g) can be written in the form R = R 1 + R 0 , where R 1 is a hyper-Kähler (see [2] , p. 406). We write
where S 0 , S 1 , S 2 , S 3 are defined by
Note that S 0 , S 1 , S 2 , S 3 are algebraic curvature tensors. Given two algebraic curvature tensors R, S, we define 
where {e 1 , . . . , e 4m } is an orthonormal basis of T p M . Note that B(R, R) = Q(R) is the reaction term in the evolution of curvature under Ricci flow (cf. [7] ).
Lemma 5. We have B(R 1 , S 0 ) = 0.
Proof. Fix a point p ∈ M , and let {e 1 , . . . , e 4m } be an orthonormal basis of T p M . Since the Ricci tensor of R 1 vanishes, we have 4m p,q=1
This implies
This completes the proof.
Proof. Fix a point p ∈ M , and let {e 1 , . . . , e 4m } be an orthonormal basis of T p M . Since R 1 is a hyper-Kähler curvature tensor, we have
Hence, we obtain
Thus, we conclude that B(R 1 , S 2 ) = 0. The other identities follow similarly.
We next consider the term B(R 1 , R 1 ) = Q(R 1 ).
Proposition 7. Consider a point p ∈ M and a unit vector X ∈ T p M . Then
where {e 1 , . . . , e 4m } be an orthonormal basis of T p M .
Proof. We choose the orthonormal basis {e 1 , . . . , e 4m } such that e 1 = X and e 2 = JX. By definition of Q(R 1 ), we have
Moreover, we have
Putting these facts together, the assertion follows.
Lemma 8. Suppose that X ∈ T p M is a unit vector with the property that
Proof. We have
for all s ∈ R. This implies
This implies R 1 (X, JX, X, JY ) = 0 and
Replacing Y by JY yields
If we take the arithmetic mean of (3) and (4), the assertion follows.
Theorem 9. Assume that R 1 (X, JX, X, JX) < 1 for every unit vector X ∈ T p M . Then R 1 vanishes identically.
Proof. By compactness, we can find a point p ∈ M , a unit vector X ∈ T p M , and an almost complex structure J such that R 1 (X, JX, X, JX) is maximal. Since Ric g = (m + 2) g, we have ∆R + Q(R) = (2m + 4) R.
Since R 0 is parallel, we have ∆R = ∆R 1 . It follows from Lemma 5 and Lemma 6 that B(R 1 , R 0 ) = 0. Using the identity Q(R 0 ) = (2m + 4) R 0 , we obtain
Hence, we obtain ∆R 1 + Q(R 1 ) = (2m + 4) R 1 . Moreover, we have (∆R 1 )(X, JX, X, JX) ≤ 0 since R 1 (X, JX, X, JX) is maximal. Putting these facts together, we conclude that We now analyze the quantity Q(R 1 )(X, JX, X, JX). To that end, let V ⊂ T p M be the orthogonal complement of {X, IX, JX, KX}. Clearly, V is invariant under J. Hence, we can find an orthonormal basis {v 3 , Jv 3 , . . . , v 2m , Jv 2m } of V such that
for 3 ≤ α < β ≤ 2m. We now define v 1 = X and v 2 = IX. Clearly, the vectors {v 1 , Jv 1 , v 2 , Jv 2 , . . . , v 2m , Jv 2m } form an orthonormal basis of T p M . We now apply Lemma 8 with Y = v β . This yields
Putting these facts together, we conclude that
By Proposition 7, we have
It follows from Lemma 8 that 2 R 1 (X, JX, v α , Jv α ) ≤ R 1 (X, JX, X, JX) and 2 R 1 (X, JX, Iv α , JIv α ) ≤ R 1 (X, JX, X, JX) for 3 ≤ α ≤ 2m. Since R 1 is a hyper-Kähler curvature operator, it follows that 2 |R 1 (X, JX, v α , Jv α )| ≤ R 1 (X, JX, X, JX) for 3 ≤ α ≤ 2m. Substituting this into (6), we obtain Q(R 1 )(X, JX, X, JX)
≤ (2m + 4) R 1 (X, JX, X, JX) 2 .
Combining (5) and (7), we conclude that
Since R 1 (X, JX, X, JX) < 1, it follows that R 1 (X, JX, X, JX) ≤ 0. Therefore, R 1 has nonpositive holomorphic sectional curvature. Since R 1 has scalar curvature 0, we conclude that R 1 vanishes identically. We claim that this inequality is strict. Suppose this is false. Then the four-frame {X, JX, Y, −JY } = {X, JX, IX, IJX} has zero isotropic curvature. By Proposition 8 in [4] , the set of all four-frames with zero isotropic curvature is invariant under parallel transport. In particular, the set of all four-frames with zero isotropic curvature is invariant under the holonomy group of (M, g).
Given any unit vector Z ∈ T p M , we can find a linear isometry L : T p M → T p M which commutes with I, J, K and satisfies LX = Z. Then L ∈ Sp(m). Consequently, the four-frame {Z, JZ, IZ, IJZ} has zero isotropic curvature. This implies R 1 (Z, JZ, Z, JZ) = 1.
Therefore, R 1 has constant holomorphic sectional curvature 1. In particular, R 1 has positive scalar curvature. This is impossible since R 1 is a hyper-Kähler curvature tensor.
Corollary 11. Assume that (M, g) has nonnegative isotropic curvature, and Hol 0 (M, g) = Sp(m) · Sp(1). Then R 1 vanishes identically.
Proof of the main theorem
In this section, we show that every Einstein manifold with nonnegative isotropic curvature is locally symmetric. To that end, we need the following result:
Proposition 12. Let (M, g) be a compact Einstein manifold of dimension n ≥ 4. If (M, g) has positive isotropic curvature, then (M, g) has constant sectional curvature.
Proof. After rescaling the metric if necessary, we may assume that Ric g = (n − 1) g. This implies ∆R + Q(R) = 2(n − 1) R.
We now define
where κ is a positive constant. Note that S is an algebraic curvature tensor. Let κ be the largest constant with the property that S has nonnegative isotropic curvature. Then there exists a point p ∈ M and a four-frame {e 1 , e 2 , e 3 , e 4 } ⊂ T p M such that S(e 1 , e 3 , e 1 , e 3 ) + S(e 1 , e 4 , e 1 , e 4 ) + S(e 2 , e 3 , e 2 , e 3 ) + S(e 2 , e 4 , e 2 , e 4 ) − 2 S(e 1 , e 2 , e 3 , e 4 ) = 0.
Hence, it follows from results in [3] that Q(S)(e 1 , e 3 , e 1 , e 3 ) + Q(S)(e 1 , e 4 , e 1 , e 4 ) + Q(S)(e 2 , e 3 , e 2 , e 3 ) + Q(S)(e 2 , e 4 , e 2 , e 4 ) (8) − 2 Q(S)(e 1 , e 2 , e 3 , e 4 ) ≥ 0 (see [3] , Section 2). We next observe that
Substituting this into (8), we obtain Q(R)(e 1 , e 3 , e 1 , e 3 ) + Q(R)(e 1 , e 4 , e 1 , e 4 ) + Q(R)(e 2 , e 3 , e 2 , e 3 ) + Q(R)(e 2 , e 4 , e 2 , e 4 ) (9) − 2 Q(R)(e 1 , e 2 , e 3 , e 4 ) + 8(n − 1) κ (κ − 2) ≥ 0.
Since {e 1 , e 2 , e 3 , e 4 } realizes the minimum isotropic curvature of (M, g), we have (∆R)(e 1 , e 3 , e 1 , e 3 ) + (∆R)(e 1 , e 4 , e 1 , e 4 ) + (∆R)(e 2 , e 3 , e 2 , e 3 ) + (∆R)(e 2 , e 4 , e 2 , e 4 ) (10) − 2 (∆R)(e 1 , e 2 , e 3 , e 4 ) ≥ 0.
Adding (9) and (10) yields R(e 1 , e 3 , e 1 , e 3 ) + R(e 1 , e 4 , e 1 , e 4 ) + R(e 2 , e 3 , e 2 , e 3 ) + R(e 2 , e 4 , e 2 , e 4 ) − 2 R(e 1 , e 2 , e 3 , e 4 ) + 4κ (κ − 2) ≥ 0.
On the other hand, we have R(e 1 , e 3 , e 1 , e 3 ) + R(e 1 , e 4 , e 1 , e 4 ) + R(e 2 , e 3 , e 2 , e 3 ) + R(e 2 , e 4 , e 2 , e 4 ) − 2 R(e 1 , e 2 , e 3 , e 4 ) − 4κ = 0.
Since κ is positive, it follows that κ ≥ 1. Therefore, S has nonnegative isotropic curvature and nonpositive scalar curvature. Hence, Proposition 2.5 in [10] implies that the Weyl tensor of S vanishes identically. Proof. Suppose this is false. By Proposition 12, there exists a point p ∈ M and an orthonormal four-frame {e 1 , e 2 , e 3 , e 4 } ⊂ T p M such that R(e 1 , e 3 , e 1 , e 3 ) + R(e 1 , e 4 , e 1 , e 4 ) + R(e 2 , e 3 , e 2 , e 3 ) + R(e 2 , e 4 , e 2 , e 4 ) − 2 R(e 1 , e 2 , e 3 , e 4 ) = 0.
By assumption, the Weyl tensor of (M, g) does not vanish identically. Hence, we can find a point q ∈ M and an orthonormal four-frame
, there exists a piecewise smooth path γ : [0, 1] → M such that γ(0) = p, γ(1) = q, and
Without loss of generality, we may assume that v 4 = P γ e 4 . Using Proposition 8 in [4] , we obtain
On the other hand, we have
since (M, g) has nonnegative isotropic curvature. Hence, we obtain
An analogous argument yields
by the first Bianchi identity. Putting these facts together, we conclude that R(v 1 , v 2 , v 3 , v 4 ) = 0. This is a contradiction. Theorem 14. Let (M, g) be a compact Einstein manifold of dimension n ≥ 4 with nonnegative isotropic curvature. Then (M, g) is locally symmetric.
Proof. The proof is by induction on n. Suppose that the assertion holds for all manifolds of dimension less than n. Moreover, let (M, g) be a compact Einstein manifold of dimension n ≥ 4 with nonnegative isotropic curvature. We claim that (M, g) is locally symmetric.
If the scalar curvature of (M, g) is zero, then (M, g) is flat and the assertion is trivial. Hence, it suffices to consider the case that (M, g) has positive scalar curvature. Without loss of generality, we may assume that (M, g) is simply connected. (Otherwise, we replace (M, g) by its universal cover.) By Berger's holonomy theorem, there are four possibilities:
Case 1: Hol 0 (M, g) = SO(n). In this case, Proposition 13 implies that (M, g) has constant sectional curvature.
Case 2: n = 2m and Hol 0 (M, g) = U (m). By Corollary 4, (M, g) is a Kähler manifold with constant holomorphic sectional curvature.
Case 3: n = 4m ≥ 8 and Hol 0 (M, g) = Sp(m) · Sp(1). In this case, it follows from Corollary 11 that (M, g) is locally symmetric.
Case 4: (M, g) is isometric to a Riemannian product. The factors are compact Einstein manifolds with nonnegative isotropic curvature. Hence, the induction hypothesis implies that the factors are locally symmetric. Consequently, (M, g) is locally symmetric.
